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Introduction
Ultra-short intense extreme ultraviolet (XUV) pulses are very useful for detecting micro-dynamics of atoms, molecular and condensed matter [1, 2] . High-order harmonics generated from non-relativistic intense laser interaction with noble gases are typical XUV sources, which have been widely used [3, 4] . However, the intensities of these harmonics are restricted by the low driver intensity. With higher laser intensity, electron recombination process is inhibited and the high-order harmonics from laser irradiated gas target is inefficient. Recently researches demonstrate that, intense high-order harmonics generation (HHG) can be obtained from solid targets driven by relativistically intense laser. In the last two decades, great efforts have been made to generate controllable intense harmonics through this scheme [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Hitherto, there are two main mechanisms contributing to the high-order harmonic generation, i.e. coherent wake emission (CWE) and relativistic oscillating mirror (ROM). The CWE mechanism works well in weakly-relativistic laser intensities, which excites high-frequency plasma oscillations in the plasma density gradient by Brunel-heated electrons. Through the mode conversion processes [15, 16] , the electrostatic plasma wave can be converted to electromagnetic waves [17, 18] . The ROM mechanism occurs when the target surface electrons are excited and relativistically oscillated by the driver pulse. The Doppler effects make the reflected pulse from these oscillating mirrors as ultrashort pulse trains with high-order harmonic component [8, [19] [20] [21] . Recently, a new HHG mechanism namely coherent synchrotron emission (CSE) was reported, which occurs when a p-polarized laser incidents obliquely on a target. A dense electron nano-bunch is dragged out behind the target thereby generating harmonics [13, 22, 23] . Theoretical and experimental studies have been carried out to investigate the efficiency of these mechanisms. However, the efficiency of HHG from such intense laser solid target interaction is still low, especially when the target surface is too smooth. Some improved schemes to enhance the conversion efficiency have been proposed, such as using pre-pulse to optimize the density scale length [11, 12, 24] , using two-color or multi-color light to control the waveform of driver pulses [25] [26] [27] [28] , and using microstructure target to enhance the coherent radiation intensity [29] [30] [31] [32] [33] [34] .
Among them using microstructure grating target is a relatively simple way to get intensively enhancement of specific orders of harmonics. Previous studies have already shown that a grating target can be used to increase the energy conversion efficiency into hot electrons and ions [35] [36] [37] . For HHG, depending on the ratio of the grating structure period to the driver pulse wavelength, the target can be divided into two categories, wavelength scale or sub-wavelength scale. The wavelength scale target can resonantly excite surface plasma waves (SPW) when the incidence angle of the driver pulse is matched with the structure period, i.e. 
where α and i θ represent the observation and incidence angles, respectively. The HHG enhancement from such periodically modulated targets has already been demonstrated in experiments [38] . Blazed diffraction grating is a special kind of grating target, which is widely used in optical spectrum measurement to enhance the spectrum brightness along a controllable direction [39] . In previous work, both numerical simulations and experiments have demonstrated that selected harmonics can be obtained from relativistic laser-plasma interactions with blazed grating targets when an appropriate blaze condition is satisfied, which provides a potential route to achieve near-monochromatic, short pulsed XUV radiation [29, 40] . In this paper, we revisited the HHG from blazed grating targets and show that such targets cannot only select the specific harmonics in a specific direction through grating diffraction, but also enhance the maximum detectable harmonic order and intensity in a predetermined direction. This kind of enhancement is attributed to the coherent addition effects resulted from grating structure and stronger electron acceleration around a single grating protuberance. Our studies also show that in comparison to normal gratings such as with rectangular protuberances structures, the blazed grating with triangular structures can change the local incidence angle of the driver laser determined by the groove shape. So this blazed structure can yield higher energy absorption of electrons and enhance the harmonic intensity in the predetermined direction. 
Simulation of HHG from normal grating targets
To study high-order harmonic generation from an ultra-intense laser pulse irradiated grating targets, we performed a series of two-dimensional (2D) particle-in-cell (PIC) simulations by using the OSIRIS code [41] . The schematic view of our studies is shown in Fig. 1(a) and the typical structure of a blazed grating target and the laser incidence are shown in Fig. 1(b) . A linearly polarized (p-polarized) laser pulse with wavelength of 0 =800nm λ irradiates the targets along the normal direction as shown in Fig. 1(b) . The normalized laser electric field is given by ( ) ( ) ), and the high-order harmonics is absent along this direction due to the too strong laser intensity there making the electrons move forward and the currents exist mainly inside the protuberance. We can see that the harmonic currents inside the substrate is much weaker than those in the protuberance. Therefore, the harmonics mainly come from protuberances and each of them can be viewed as a source of radiation. The final radiation is the coherent addition of radiations from multiple periodic protuberances within the laser focus. This coherent effect makes only the radiations along the grating surface are constructively enhanced. The selected harmonics enhancement can be seen from the radiation angular distribution. Only the 0 4nω -order harmonics can be radiated along the grating surface, and other harmonic components are absent. The intensity is approximately symmetrically distributed, and typical radiation spectra at 11.3  and 168.7  are shown in Fig. 2(d) verifying this symmetry. As we show before, selected harmonic emissions with frequencies being integer times of the grating frequency can be enhanced along the target surface when normal grating targets are used, and other harmonic components are absent, especially for the higher order harmonics. For a blazed grating target, the surface enhancement will be stronger. We use the blazed angle Fig. 3(a) ) and the non-reflection direction (NRD, Fig. 3(b) ) of the incident laser pulse. The harmonics generated from such blazed grating target have four features. Firstly, only harmonics with frequencies of 0 4nω can be generated. Secondly, the harmonic emission is mainly along the surface of the blazed grating target. Thirdly, the radiation peak frequencies of the harmonics shift with the observation angle leading to the existence of non-integer order harmonics. Lastly, the harmonic spectra along the RD are stronger than along the NRD. The first three features are mainly due to the coherent addition effects of the radiations from multiple protuberances, which is similar as the normal grating target. The constructive interference from protuberances is satisfied with a relationship of the harmonic emission angle (α) and emission frequency (ω):
Directional enhancement of harmonic emissions from blazed grating targets
The calculated curves from this relationship for different harmonics are plotted with black lines in Fig. 3(a) . The peak frequency shifts agree with these theoretical estimations very well. The higher order of the harmonic corresponds to a larger frequency shifts within the unit angle difference. This provides a simple way to obtain harmonics with tunable frequency. For the last feature, it is a combination of the coherent addition effects and the single protuberances enhancement effects. Radiations at two symmetric observation angles are compared in Figs. 3(c) and 3(d) . One can clearly see that the harmonics intensity along RD is larger than that along NRD, and higher order harmonics can be generated along RD. For instance, the highest order of detectable harmonics is 32th along the NRD, but 48th harmonic along the RD can still be distinguished. To show the directional enhancement of HHG from blazed grating target more clearly, we plot the angular distributions of each harmonics in Fig. 4(a) . One can see that the emission region along the RD is larger than that along the NRD. For higher order harmonics, the emission direction is more close to the grating surface, which is consistent with the previous studies [32, 33] . The total emission intensity ( ) ( ) Fig. 4(b) , which also confirms the harmonics enhancement along the RD. For example, the total intensities of the 32th and 36th harmonics along the RD have been enhanced for more than two orders of magnitude. Compared with the normal grating structure, this kind of directional enhancement is also obvious. We changed the blazed angle to see the optimal angles for the strongest harmonics emission and see the variation of the normalized intensity of the harmonics emitted along a fixed direction. The results are shown in Figs. 4(c) and 4(d). Again from Fig. 4 (c) one can see that for different blazed angles, the higher is the harmonics order, the closer is the emission to the grating surface. From the point sizes represented harmonics intensity, one can see except the 4th harmonic, the optimal blazed angle for strongest high harmonics emission is about 40  . As Fig. 4(d) shows that the optimal blazed angle for the harmonic emission at angle of 168.7
 is also 40  . Furthermore, comparing the intensity ratio between the emission along the RD and NRD at symmetric angles (not shown here), we found that the harmonics distributions are mainly concentrated in the reflection region and the maximum ratio is achieved when the blazed angle is also 40  . If the blazed angle exceeds 45  , the enhancement along the RD reduces. When the blazed angle is beyond 60  , the harmonics emission tends to be identical between the two directions.
Physical explanation of the directional enhancement emission

General theory and properties of HHG from multi-cycle laser interaction with grating targets
In this section, we use a simple model to analyze the properties of HHG from the grating targets. We start from a multi-cycle laser interaction with a solid plane target. As the consecutive laser cycle irradiates the target and the electromagnetic wave emits, one can receive the emitted signal ( ) S t at a far-field fixed position ( ) , x y . If we record the signal after the first laser cycle interaction as ( ) f t and assume that the target can recover to the initial state immediately after each cycle's interaction, i.e. the successive cycles always interact with the same target surface. Then the total received signal can be expressed as: 
S t f t f t T f t T f t NT f t nT
The final spectrum of the emitted signal is:
Where To verify the above analysis, we carry out simulations by using a p-polarized laser pulse normally incident on a plane target. Figures 5(a)-5(d) show the reflection spectra of laser pulses with different cycle numbers. By comparing the spectra, one can see a clear transition from a broad spectrum to harmonic characteristic with only odd orders [5] . The intensity scaling is basically determined by the single-cycle laser target interaction, as show in Fig. 5(a) . The radiated harmonic spectrum gradually becomes distinct, and the peak intensity is enhanced and the width becomes narrower with the increase of laser cycle numbers due to the phase locked coherent addition as shown in Figs. 5(b)-5(d) .
For grating targets, the radiation spectrum from the multi-cycle laser interaction with single and multiple protuberances are shown in Figs. 5(e)-5(h). The harmonics with integer times of laser frequencies can be seen for the case of single protuberance, which is denoted by the
term in Eq. (6) . By comparing the harmonics spectra in Figs. 5(e)-5(f), one can find that the spectrum selection becomes evident with the increase of protuberance numbers. Finally, only harmonics with grating frequency are coherently enhanced. This is consistent with our theoretical analysis.
Dynamical analysis of HHG from grating targets
The above theoretical analysis of HHG is mainly focused on the temporal and spatial coherent addition effects on the final radiation signal, which is important to the peak characteristic of the spectrum. However, the final spectrum also depends on the single-cycle target response function ( ) g f t , which usually determines the cutoff frequency and the intensity scaling of the spectrum. Obviously, the target response function depends on the specific harmonic generation mechanism. Our studies show the HHG from the grating target is quite different from the previous ROM mechanism [5, 8, 19] . For grating targets, it is difficult to produce regular oscillating electron sheet due to the discontinuous and small protuberance structure along the transverse direction, which makes the laser energy absorption and the electron motion completely different from the plane target. To understand the physics of the higher cutoff frequency and directional enhancement of HHG from the blazed grating target, typical electron trajectories from single protuberance grating during downward movement are shown in Figs. 6(a) and 6(b). The inset in Fig. 6(a) shows the acceleration and radiation processes of a typical grating target electron. When the ultra intense laser interacts with a grating target, the electrons inside the front area of the protuberances firstly move forward due to the laser ponderomotive force. The electrons inside the protuberances then move back along the lateral surface due to the charge separation force formed by the forward moving electrons and the left ions between 1 t and 2 t . These electron can be stripped out forming a bunch. After being stripped out, the motions of the electrons in the vacuum gap are dominated by the laser fields. The momentum evolution satisfies Lorentz equation ( ) dp dt e E p mc B
, where γ is the relativistic factor, E  and B  are the electric and magnetic fields of the laser. Therefore, the normalized momenta of these electrons can be given as ( ) One can see that these electrons carry opposite transverse momenta within two successive half laser cycle. They move upward in the first half cycle and downward in the next half cycle,which makes harmonics emission also along different directions. Meanwhile, we found that the energies of these stripped electrons are initially very low (with 1.2 γ ≈ ), and they can only emit low-frequency radiation at this stage. Only when the electrons are returned back by the electromagnetic field of the laser and have obtained enough energy from the laser fields during the excursion, they radiate high-order harmonics along the direction of motion between the inclined surface of the blazed grating target can obtain larger energy after leaving the target. Then, these blazed grating target electrons can also experience longer motion in the laser fields and reach higher energy. As is well-known that, the radiation intensity positively correlates with the relativistic factor γ , and the characteristic frequency of synchrotron radiation scales cubically with γ Therefore, the maximum detectable order of harmonics is increased at the reflection direction of the blazed grating target. The dynamical analysis of single protuberance also shows that during the laser-target interaction, electrons experience oscillating transverse momentum at different half cycle of the laser pulse. The upward and downward motion of electrons in blazed and normal grating targets with multiple protuberances are shown in Fig. 7 . For the upward movement, the trajectories for the blazed and normal grating targets are similar. Nevertheless, for the downward movement, electrons from the blazed grating target obtain larger energy gain during the radiation process. And the electron bunch width in this case is also wider, which leads to enlarged emission region as shown in Fig. 4(a) . In order to quantitatively show the energy differences, the evolutions of maximum electron energy in one periodic structure at the center of the two grating targets are shown in Fig. 8(a) . The upward movement of electrons occurs at the half cycle points, and the downward movement of electrons occurs at the full cycle points. One can see that the maximum electron energy of upward movement is almost similar for the two targets. However, for the process of downward movement, the electron energy of the blazed grating is clearly larger than the normal grating target when the high fields part of the laser begins to irradiate the target around 0 =6 t T . Figure 8(b) shows the energy spectra of electrons from normal and blazed grating targets at 0 =6 t T . One can see that the number of high energy electrons with energy E>3MeV from a blazed grating target is larger than that from a normal grating target. The radiation intensity and the maximum detectable order of the harmonics are then be effectively enhanced in the blazed grating target case. These effects together with the temporal and spatial coherent addition effects make the difference of the angular distribution and maximum cutoff frequency in the final spectra of the two grating targets. 
Summary and discussion
In summary, high-order harmonics generations by relativistic intense lasers interaction with blazed grating targets are investigated with 2D-PIC simulations. Such targets cannot only select harmonics with frequencies being multiple times of the grating frequency, but also enhances the radiation along the reflection direction of the blazed grating. Harmonics with higher maximum order can emit along this direction. These effects are due to the coherent addition effect of radiation from the grating surface and the enhancement effect from indidivual blazed protuberance which gives larger energy gain of the electrons. These studies will benefit the generation and application of laser plasma-based high order harmonics.
It deserves to point out that our general theory of HHG has separated the contributions of coherent effects from the single cycle response function ( ) f t . It shows that two different ways can be resorted to tune the final spectrum. We notice that recently by using two-color or multi-color laser driver scheme, Cao et al have tuned the single cycle response function to be much narrower in time, so the final cutoff frequency has been increased [25,27,28]. The blazed grating target studied here actually has used both the tuning effect of ( ) f t and the spatial coherent addition effects. Besides these two effects, the de-coherence term n i t e α may also affect the final spectrum and may be controlled through laser chirping or pre-plasma tuning. More studies should be done to demonstrate its effectiveness and robustness. 
